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ABSTRACT 

In  the  present  paper  we  study  about  the  Stancu  variants  of  modified  Beta  operators.  We  obtain  some  direct  results 
in  simultaneous  approximation  and  asymptotic  formula  for  these  operators.  We  also  modify  these  operators  so  as  to 
preserve  the  linear  moments,  by  applying  the  King's  approach. 
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1.  INTRODUCTION 

Stancu  type  generalization  of  Bernstein  polynomials  was  introduced  by  Stancu  [10]  as 


f  lA 


j 

k-1  n-k-\ 

Y\{x  +  as)T\(y-  x  +  as) 


(l.i) 


Where  PknAX)  = 


n(i+«s) 


S=0 


As  a  special  case  if  aa  —  1,  we  get  the  classical  Bernstein  polynomials.  Starting  with  two  parameters  a  and 
/?  satisfying  0  <  a  <  ft  in  the  year  1983,  Stancu  [11]  gave  the  other  generalization  of  the  operators  (1.1)  as  follows 


k=0 


rk  +  a} 


where  p.  (x)  = 


ykj 


(1.2) 
(1.3) 


is  the  Bernstein  basis  function. 

In  the  year  2010,  Buyukyazici  and  collaborators  [1]  and  [2]  have  proposed  the  Stancu  variants  of  several  well 
known  operators  and  estimated  some  direct  results.  Recently  Gupta-Yadav  [4]  established  some  interesting  results  for 
BBS  operators.  Motivating  with  their  work,  we  propose  Stancu  type  generalization  of  modified  Beta  operators  (1.1). 
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ForO  <  a  <  ft,  Stancu  type  generalization  for  modified  Beta  operators  is  as  follows 


P?(f,*)=  —\LbJx)\pJt)f 

V     n     A'=0  n 


nt  +  a 


dt,  xe  [0,oo) 


(1.4) 


where 


B(v  +  l,n) 
m  +  v  —  1 


in  +  v  —  l\  ,  , 

Pn,v(0  =  (        ^        J  tU(l  +  t)"(n+,;) 


The  operators  P^'^  are  called  modified  Beta-Stancu  operators.  For  a  —  /?  =  0,  the  operators  (1.4)  reduce  to  the 
modified  Beta  operators  defined  by  Gupta- Ahmad  [4],  as 


Pn(f,x)=    Pn,v(t)f(t)dt,  *e[0,oo) 


(1.5) 


V  n  Jv=0 


bn  v(x)  and  pn„(t)  are  defined  as  above.  Some  approximation  properties  of  these  operators  were  discussed  by 
Maheshwari  [6]  and  [7],  Maheshwari-Gupta  [8],  and  Maheshwari-Sharma  [9]  etc. 

In  the  analysis,  Hewitt-Stromberg  [5]  showed  that  the  operators  Pn  are  linear  positive  operators. 
Also  P"'^(l,x)  =  1,  howsoever  smooth  the  function  may  be,  it  turns  out  the  order  of  approximation  for  the  operators 
(1.4)  are  at  best  of  0(n_1). 

2.  BASIC  RESULTS 

In  this  section,  we  give  certain  lemmas,  which  will  be  useful  for  the  proof  of  main  theorem. 
Lemma-1  [3]:  If  for  m  £  Z+  and  x  £  [0,oo), 


lr1  /  v  \" 

n  i—i  vi  +  1  ' 


then  there  exists  the  following  recurrence  relation- 

(n  +  l)Unm+1(x)  =  x(l  +  x){Unm(x)  +  mf/^iW} 

Consequently 

Un  m(x)  is  a  polynomial  in  x  of  degree  <  m  . 

Un,m(x)  -  0(n"[m+1/21)  where  [f]  denotes  the  integral  part  of  f . 

Lemma-2  [3]:  There  exists  the  polynomial  quir(x~)  independent  of  n  and  v,  such  that 

dr       xv  \ 1 

xr(l+xy- —  — —  =    >  (n+iy[v-(n+l)xVqijl 

v        '  dxr  (1  +  x)n+v      /L  ,h 


2i+j<r, 
i,j>0 


(1  +  x)n+v 
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Lemma-3:  Let  /  be  r  times  (r  =  1,2,3,  ■■■ )  differentiable  on  R+,  then 

m  CO 

(n  —  r  —  1)!  (n  +  r  —  1)!  /  n 


fr1  (n  —  r  —  1)!  (n  +  r  —  1)!  /   n    \rx-'  f  ,  ,  int  +  a\ 

17=0  0 

Proof:  We  have 

CO  °° 

if.  *)  =  (^)  X  &S  w  /   (t)^  Gnr!) dt- 

17=0  o 

Using  Leibnitz  theorem  for  x 

T  00 

Pw  (f  x)  =  (*!-±)  YY(r)(n  +  v  +  r-°-  r-pr-i  x—  

00 

f  int  +  a\ 

XJP-(t)/W)dt 
o 

oo  oo  r 

in  —  1\  v  (n  +  v  +  r)!  x17  f  v  .  /r\  /nt  +  a\ 

v=0  0  i=0 

oo  o°  r 

(n  —  l)(n  +  r  —  1)!  v  f  v  . /r\  int  +  a\ 

^bn+r,Ax)J^i-iy-lQpn,vuit)f[-^^)dt 


n!  L  ""'""J 

v=o  o  i=0 


Again  using  Leibnitz  theorem,  we  get 


'  i=0 


Hence  we  get 

(n  —  r  —  1)!  (n  +  r  —  1)! 


rr-i             (n  —  r  —  ly.  (n  +  r  —  1)\k~>  f  M  int  +  a\ 

PS(/' X)  =   (n-2)!n!  Z          W  J  (t)^  dt 

17=0  o 

Solving  integrals  by  parts  'r'  times,  we  have  the  required  Lemma 

CO 

M              (n  -  r  -  1)!  (n  +  r  -  1)!  /   n  \rvn 
^*)=  "  n!(n-2)!  (nT/?)  I*"'**) 

17=0 

CO 

0 

Lemma-4:  Let  Us  Define 

CO  c° 

aB  in  —  r—  1\V""  f  int  +  a  \m 

Tr,n,m  CO  =  (    n  +  r    J        &"+^  W  J  Pn-r,i7+r  (0  ~X)  dt 
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Then,  we  have 

7^0)  =  1,  (2.1) 
p  (n-r-  2)(g  -  /?*)  +  n{(2r  +  3)x  +  (r  +  1)} 

rr  ;^  (*)  =  — —-   (2.2) 

(n  +  p)(n —  r  —  2) 

aa  {a  —  fix)2(n  —  r  —  2)  +  2n(a  —  /?x){(2r  +  3)x  +  (r  +  1)}     /   n  \2 

T»r*W  =  (n  +  /?)2(n-r-2)  +  WT/?/  X 


p„  -  1)  +  C2r  +  3)1      f(2»  -  1)  +  (2r  +  3)(r  +  2)j 
(        (2r  +  5)        J       (       +(2r  +  5)(r  +  l)       J     v       yv  y 

(n  —  r  —  2)(n  —  r  —  3) 

and  the  following  recurrence  relation  is  satisfied 


n  +  /?  a;3 

— —  (n  -  r  -  m  -  2)Tr£m+1(x) 


(2.3) 


=  x(l  +  x)  [Tran%(x)  +  mr^^d)]  +  -  x)  {(^  -  z)  ^ -  lj mr^^d) 

+  [(m  +  r+l)  +  ^(^-x)(n-r-2m-2)  +  (n  +  r+l)x]rran^m(x)  (2.4) 

Further,  for  all  x  £  [0,oo),  we  have 

^4(*)  =  o(n-p^]) 

where  [fi]  is  the  integral  part  of  ji. 

Proof:  We  Have  Some  Identities  to  Use  in  Our  Proof 

•  x(l  +  x)b'nv(x)  =  [v  —  (n  +  l)x]bnv(x), 

•  t(l  +  t)p  nu(t)  =  [v-  nt]pniV(t) 

ct  B 

Obviously  (2.1)-(2.3)  can  be  obtained  by  taking  m  =  0,1,2  respectively  in  Tr^m.  To  prove  recurrence  formula, 

ct  8 

taking  first  derivative  of  Tr  „  m  with  respect  to  x, 

Tr.n.mM  =  (-  -  ^  -   )      &n+r,„  (x)  J  p„_r,„+r  (t)  -  *)    dt  -  mT"fm_x{x) 

17=0  o 

_^         CO  ^ 

••■  +  mTnf,m-l(.X)  =  ("n^r    )  ^  fcn+r,„  GO  |  Pn-r,„+r  (0  ~  *)  <*t 

17=0  o 

Multiplying  by  x(l  +  x)  on  both  sides  and  using  identity  (1),  we  have 

x(i  +  x)  [r^w  +  mr^w] 
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-  r  -  1\  v-i  ,  r  int  +  a  \m 

n  +  r    )  2,  X{X  +  X^>bn+r,v  (*)  J  pn-r,v+r  (t)  (—^P  ~  X)  dt 
v=0  o 

oo  «> 

/n  — r— l\v-i  f  int  +  a  \m 

=  (    n  +  r    J  2j  ^  ~  ^  +  r  +  O^n+r,*  W  J  Pn-r.v+r  CO  (  ~  +  g  ~  * J  dt 

17=0  0 

00  <*> 

in  —  r— 1\  v-1  f  /nt  +  a  \m 

=  \    n+r    )  2j  h^r,vto  J(v-(n  +  r+  \)x)Vn-r,v+r  CO  (  n  +  g  ~  *J  dt 

17=0  o 

OD 

/n  —  r  —  1\  v-1 

oo 

f  int  +  a  \m 

J[(y  +  r-(n-  r)t)  +  (n  -  r)t  -  r  -  (n  +  r  +  l)x]pn_rv+r  (t)  ^-  -  -  -  x]  dt 

o 

oo  oo 

=  (  n  +  r  J2, *wC*) J  t(i  +  Op n_r,„+r CO (— g  - xj  dt 

17=0  0 

00  ■» 

(n  —  r)(n  —  r  —  1)  v-1  f  int  +  a  \m 

+  ^7  2j  &"+^^}  J  fPn-r,,;+r  (0  {—^J  ~  X)  dt 


v=0 
a,p 


-[r  +  (n  +  r  +  l)x]T"£ 
Substituting 


dt 


\   n    )Y\n  +  p       )     Vn  +  /?  / 
and  Using  the  Identity  (2),  We  Have 

x(l  +  x)  [Tn,f,m(x)  +  ?BJ*5ft_i(x)] 

in  +  p\  in  —  r  —  In  v-1  f   ,  int -V  a  \m+i 

v=0  o 

oo  co 

/a        \  /n  —  r  — 1\  v~"  f   ,  /nt  +  a  \m 

~  InT^  "  V  ■  h^H  Z w  J  p™(t)        ~  x)  dt] 

17=0  0 

2  oo  00 

in  +  P\    in  —  r  —  l\\-<  f   ,  int  +  a  \m+z 

+  (—)  1  h^H  Z 6— w  J  p™(t)        _  x)  dt 

17=0  o 

oo  co 

i   a         \  /n  —  r  —  1\  v-1  f   ,  /nt  +  a      \ 771+1 

~2  lnT7  "  A  ■  V^~)  L  K^  W  J  Pn-r,V+At)  {—^-  ~  X)  dt 
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i   a         \2  /n  — r  — l\v-i  f   ,  /nt  +  a  \m 

+(-^-x)  \-^^)Lb—Ax)  SPn-r'v+r (t)v^j-x)  dt] 

v=0  o 

°°  °°  4-1 

/n  +  P\  /n  — r  — l\v-i  f  (nt  +  a 

17=0  o 

/a        \  /n  —  r  — 1\  v~"  f  /nt  +  a  \m 

_  ln"+7  _  x)  ■  V^~)  L       w  J  p™ (t)  l^+T  "  x)  dt] 

17=0  o 

-[r+(n  +  r+l)x]T^fm(x). 

Now  Solving  the  Integrals  by  Parts,  We  Get 

00  «5 

/n  —  r  —  1\  f   ,  /nt  +  a  \m 

=  -  (m  +  1)  ^    n  +  r    J  2^  ^n+r,V  to  J  Pn-r,V+r  CO  (r^J  _XJ  dt 
17=0  0 

od  °0  _ 

/a         \zn-r-l\v1  f   ,  /nt  +  a      \m  1 


dt 


/n  +  P\  /n  —  r  —  l\\->  f    ,  /nt  +  a  \m+1 

+  (  — — J  [- (m  +  2)  ^    n  +  r    J  ^  i>n+r,,7  to  J  Pn-r,i7+r  CO  (-^Tp  ~  *  J  ^ 

17=0  o 

00  00 

/a         \  /n  —  r  — 1\  \~"  f    ,  /nt  +  a  \m 

+2  t+7  -X)(m  +  1}  {-n-^)  L  K+r'v(x)  J  fc+T  ~  *  J  dt 

17=0  o 

oo  oo 

/    a         \2     /n  — r  — lxv-1  f   ,  /nt  +  a      \m  1 

17=0  o 

00  °° 

/n  +  P\  /n  — r  — l\v-i  f  /nt  +  a 

17=0  o 

00  <*> 

i   a        \  in  —  r  — 1\  v-1  f  /nt  +  a  \m 

17=0  o 

_[r  +  (n  +  r  + l)x]T^mG0. 

m  +  P 


(m  +  1) 


/   a         \  /n  +  p\      l   Bip             /   «  \ 
2   -  x\\   -1  l  r m  (x)  +  m   —  zx 


P 

(n  +  P\ 


P 

V-^rp- x)  (rr)]  r-—«  - (m + 2)  P^)  r^«« 

+  ^  (n  _  r)  [rn^m+1(^)  -        -  x)  rn^m(^)]  -  [r  +  (n  +  r  +  D^T^Cx). 
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On  rearranging  both  sides,  we  get  the  required  recurrence  formula  (2.4)  form  >  0. 
The  Peetre's  K-Function 

The  Peetre's  K-functional  is  defined  by 
K2(f,S)  =  inf{\\f-g\\+8\\g"\\    g  E  W2} 
where 

W2  —  {g  E  CB[Q,co~):  g' , g"  E  CB[0,oo)},  3  a  positive  constant  C  >  0  such  that 
K2(f,8)<Ca>2(f,8),8>0, 

where  the  second  order  modulus  of  smoothness  is  given  by 

w2(/,S1/2)  =   sup    sup  |/0  +  2h)  -  2/0  +  h)+f(x)\. 

o<fi<Vs  o<x<cd 

Corollary  1:  Let  8  be  a  positive  integer,  then  for  all  n  >  y  >  0,  and  x  £  [0,oo),  there  exists  a  positive 
constant  M  depending  upon  m  and  x  such  that 


OO 

(— ^— )  ^  &n,v  O)    J   pUiV(t)ty dt  <  M  rrm,m  £  JV. 


m-  In 

)  2_,  bn,v  0} 

\t-~x\>5 

3.  MAIN  RESULTS 

In  this  section  we  have  some  important  theorems  and  obtain  asymptotic  formula. 

Theorem  1:  Let  /  £  Q  has  a  derivative  of  order  (r  +  2)  at  a  fixed  point  x  £  (0,oo).  /  is  bounded  on  every  finite 
subinterval  of  R+  .  For  some  y  >  0,  /(t)  =  0(tr),  as 

t  ->  oo,  we  have 

) 


lim  n[Pnc2a(/,x)  -  /(r)0)]  =  r(2  +  r  -  p)/wO)  +  [(1  +  r  +  a)  +  (3  +  2r  -  /?)*] 


x  f(r+1\x)  +  x(l  +  *)/(r+2)0)- 
Proof:  Using  Taylor  Series  Expansion,  We  Have 

/(t)  =  \  J— ^  (t  -  *)'  +  e(t,  *)(t  -  x)r+2 

i=0 

ir+2 


where  e(t,  x)(t  —  x)r+2  is  of  exponential  order  as  t  -»  oo  and  e{t,  x)  -»  0  as  t  -»  x.  Now  from  Lemma  3,  we  have 
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(n  —  r  —  2)!  (n  +  r)!  /   n  \r 


n!  (n  —  2)! 


(n  +  p) 


1=0  17=0  n 


+n 


(n  —  r  —  2)!  (n  +  r)!  /  n 


n!(n-2)! 


/(r)0) 


00 

/n  -  1\  v-i   frt       f  /nt  +  a    \  /nt  +  a  \r+z 


=  n 


(n  —  r  —  2)!  (n  +  r)!  /  n 


n!  (n  —  2)!        \n  +  /? 
where 


/(r)W  +  <&(*)/<'+«(*)  +  -r*£(*) 


(3.1) 


Zfrl  f  /'nt  +  a  \ 

bn,i  CO  J  pn,„  (t)e(t, x)  [n  +  p  -x)  dt 


Tends  to  0  as  n  ->  co  to  show  this  we  suppose  /„  =  xr(l  +  x)r Enr(x),  so  that  In  ->  0  as  n 
Hence  using  Lemma  2 

|/„|<(n-l)^   ^  (n+l)>-(n  +  l)x|%-r(x)Zv(*) 

17=0  2i+;'<r; 
i,/>0 

00 

f  /nt  +  a  \r+2 

x  J  pniV(.t)e(t,x)yn+    -xj  dt 

o 

00  oo 

<  (n  -  i)K(x)  J  (n  +  1)'  ^  ^(x)  b  -(n  +  l)xF  |  pn,„  (t)]e(t,ac)|]t  -  x\r+2dt 


2i+j<r; 
i,j>0 


<(n-  l)K(x)  ^  (n  +  1)'  (  ^  fc„,„(x)  |v  -  (n  +  l)x|2;' 


2i+j<r 
i,j>0 


x  J  Pn,v(t)k(t,^)iit-^r+2dt 


i 

2\  2 


where 

K"(x)  =   sup  |q£j,r(x)| 

2i+;'<r; 
ij>0 
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Here  <7ij  r(x)  represents  certain  polynomials  in  x  and  independent  of  n  and  v.  For  a  given  e  >  0,  there  exists  a 
8(e,x)  >  0  such  that  |e(t,x)|  <  e  for  0  <  |t  -  x\  <  8;  and  for  |t  -  x|  >  8,  we  observe  that  |e(t,x)|  <  M\t  -  x\y. 

■■■    J  pn,At)Ht,x)\\t-xr2dt\  <    J  ^(0*     j  P„,„(t)(e(t,x))  (t-x)2'+*dt 

-(^l)       /  Pn,,(0(e(t^))2(t-^)2r+4dt 
|t-x|<S 

+  (^Ti)    /  P„,,(0(Kt^))2(t-^)2r+4dt 

|t-x|>5 

From  Corollary  1,  we  have 

2  /  Pn,i.(t)|e(t^)l|t-^r+2dt 

t»=o  \o  / 

OO  CO  go 

<        ^  w / Pn'v (t)e2(t  ~ *)2r+4dt + (^i) Z ^ w  /  ^(t)(t " *)2r+2r+4dt 

17=0  o  »=0  |t-x|>S 

=  e20(n-(r+3))  +  0(n-^+«), 

Now  using  Lemma  1,  taking  q  >  (r  +  2)  and  n  to  be  large  enough,  we  get 

Zi  1 
ni+;'  [n0(n-;')]2[e20(n-(r+3))  +  0(n"("+1))]2 

2i+;'<r; 
i,;>0 


=  [e20(l)  +  0(nr+3-("+1))]2 
<e0(l). 

This  shows  that  /„  ->  0  as  n  -»  oo. 

Hence  in  order  to  prove  the  theorem,  we  substitute  the  values  of  Tn!fx(x)  and  Tn!f2(x)  from  Lemma  4  in  (3.1). 

Suppose  that  CB[0,oo)  be  the  space  of  real  valued  continuous  bounded  functions  /  on  the  interval  [0,co), 
and  let  the  norm  ||.  ||  on  the  space  CB  [0,  oo)  be  defined  as 

ll/H  =  sup  \f(x)\. 

0<X<OO 

Also  using  K-functional,  defined  in  Section  4  and  for  /  £  CB  [0,  oo)  the  usual  modulus  of  continuity  is  given  by 
=  SUP   SUP  \f(x  +  h)  —  f{x)\ 

0<h<8  0<x<ce 

Therefore,  let  us  modify  the  operators  (1.5)as 
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Pn    (f>x)  =Pn    (f.X)~f  \X  +  7-  ztt-  ,  ^  )+f(x) 


(n  -  2)(n  +  /?) 

Theorem  2:  Let  /  £  CB  [0,  oo),  then  V  x  £  [0,  oo),  and  n  E  N,  there  exists  an  absolute  constant  ^  >  0  such  that 

(n  -  2) (a  -       +  n(l  +  3x) 


(3.2) 


KP(f,x)  ~f(x)\<  Ca)2(/,5n(x))  +  ai  / 


where 


(n-2)(n  +  /?) 


(n  -  2) (a  -  /?x)2  +  2n(a  -  +  3x)     2n2  [(n  +  7)x2  +  (n  +  5)x  +  1] 


+2 


(n  +  /?)2(n-  2) 

(n  -  2) (a  -       +  n(l  +  3x) 
n  +  0 


+ 


(n  +  /?)2(n-2)(n-3) 


Proof:  Let  g  £  W2.  Then  from  Taylor  expansion 

g{t)  —  g{x  )  +  g'(x)(t  —  x)  +  Jf(t  —  u)^f  (u)  du,  te[0,co)\ 

Therefore  from  Lemma  4,  we  have 

Pn'P(g,x)  -  g(x  )  =  g'(x)P",p(t  -  x,x)  +  P",p  I  J  (t  -  u)g"(u)  du,: 


Hence 


P^{g,x)-  g(x)\< 


P"'^  |  J  (t  —  u)^f  (u)  du,  x 


(n-2)(g-/?%)  +  n(l+3x) 
(n-2)(n+/?) 


(n  -  2) (a  -       +  n(l  +  3x) 

TC  A  77 

(n  -  2)(n  +  /?) 


|g  (u)|du 


<  [C/?((t-x)2,x)]  +  (x  + 


5n2(x)||5" 


(n  -  2) (a  -       +  n(l  +  3x) 
(n-2)(n  +  /?) 


For  PniaiP(f,x),  we  have  /^(f.x)  <  3||/||. 

■■■  \PnP(f,x)-m\  <  \PnP(f-3,x)-(f-g)(x)\  +  \Pn'P(3,x)-g(x)\ 
n(a  +  3x)^ 


+ 


f[x  +  - 


n  +  p 


<nf-g\\+sn\x)\\g"\\  + 


f[x  + 


fix) 

(n  -  2) (a  -       +  n(l  +  3x) 


(n-2)(n+0) 


•/GO 


Taking  infimum  on  RHS  over  all  g  £  W2,  we  get 
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PnP(f,x)-f(*)\   <  3K2  (/,§„<»)  +  <0(f. 


(n  -  2)  (a  -  fix)  +  n(l  +  3x) 


(n-2)(n+/?) 


According  to  the  property  of  Peetre's  K-functional,  we  get 


PnP(f,x)-f(x)\  <  Cco2(f,8n(x))  +  a>(f, 


(n  -  2) (a  -  /Sx)  +  n(l  +  3x) 


(n-2)(n  +  /?) 


which  is  the  required  result  and  hence  completes  the  proof  of  theorem. 
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